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Let #, = {(U,f) | 0 € U C R" open subset, f: U— R smooth}. Then we write
(U,f) ~(V,g) if there is an open subset 0 € W C UN V such that fii,y = gjw.

~ is an equivalence relation. The equivalence class of (U, f) is the germ of f and
is denoted by [f] (the subset U becomes irrelevant). The set of germs at 0 € R”
is the set of equivalence classes:

G = Fnf ~ .

Pointwise addition and multiplication of (representatives of) germs is well-defined
and makes &, into a commutative R-algebra. A germ [f] is invertible if and only if
f(0) is non-zero. We denote by 7z, C &, the maximal ideal which consists of the
non-invertible elements in &,. (Thus, &,/72, = R.) A germ [f] is called critical if
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Theorem (Lemma of Borel)
The map T: &, — R[[x1, - ,x,]] defined by T[f]= Y. LD"f(0)x" isa

veNg
surjective algebra homomorphism.
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S
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where u(x) is a smooth function such that 0 < u(x) <1, u(x) = 1if |x| < 3
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d* 1
oo Ll
holds independently of x.
AT Y

n* u(2”2+1x)x”) .27
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0 with ¢(0) = 0} "2 {(U,¢) | 0 € U C R open subset, ¢: U — R” with D¢(0)
invertible and ¢(0) = 0}. There is a similar equivalence relation ~ on &, which
identifies local diffeomorphisms which agree near 0.

The group of germs of local diffeomorphisms at 0 € R" is
G =Cn/ ~

together with the group structure given by the composition of (representatives of)
germs. &, acts on &, by precomposition of (representatives of) germs:

&n X Gn = &n, ([f],[0]) = [f 0 ]
We say that [f], [g] € &, are equivalent, denoted [f] ey [g], if they are in the
same orbit of this action, that is, if f and g agree near 0 up to a local change of
coordinates.

The qualitative properties of a germ should be invariant under (local) changes of
coordinates. Thus, we restrict our attention to understanding the various types of
germs in &, up to equivalence.
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and let f: U — R be a smooth map such that £(0) = 0 and f(¥)(0) # 0 for
some k > 0.
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@ (Classification of non-critical points) Let 0 € U C R" be an open subset and
let f: U — R be a smooth map such that f(0) = 0 and Df(0) # 0. Then [f]
is equivalent to (xi,- - ,x,) — x1. (Sketch. This follows directly from the
Implicit Function Theorem.)

Note that whether or not a germ is critical is a property that is invariant
under the equivalence relation .

@ x — x¥ is not equivalent to x — x™ when k # m. (Sketch. There does not

exist a smooth map ¢ with ¢(x)k = x™ for k > m.)
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0 € U is a non-degenerate critical point if the Hessian matrix Df(0) of f at 0
is invertible. Otherwise we say that the critical point 0 is degenerate.

The rank r and the index s of (U, f) at 0 € R" are defined to be the rank and the
index of the symmetric matrix D?f(0) respectively. (Thus, 0 < s < r < n.) These
invariants depend only the corresponding germ [f] € &,,.

We have D?(f o ¢)(0) = D?¢(0):D?f(0)D?¢(0) where [f] € 772, is critical and
[0] € ©n.
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0 € U is a non-degenerate critical point if the Hessian matrix Df(0) of f at 0
is invertible. Otherwise we say that the critical point 0 is degenerate.

The rank r and the index s of (U, f) at 0 € R" are defined to be the rank and the
index of the symmetric matrix D?f(0) respectively. (Thus, 0 < s < r < n.) These
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Let (U, f) € &, such that 0 is a critical point of f (i.e., Df(0) = 0). We say that
0 € U is a non-degenerate critical point if the Hessian matrix Df(0) of f at 0
is invertible. Otherwise we say that the critical point 0 is degenerate.

The rank r and the index s of (U, f) at 0 € R" are defined to be the rank and the
index of the symmetric matrix D?f(0) respectively. (Thus, 0 < s < r < n.) These
invariants depend only the corresponding germ [f] € &,,.

We have D?(f o ¢)(0) = D?¢(0):D?f(0)D?¢(0) where [f] € 772, is critical and
[¢] € €,. As a consequence, the property that 0 is (non-)degenerate, as well as
the rank and the index of [f], are all invariant under Y
Let [gr,s] € 772, denote the germ of the smooth function

(xq, - 7Xn)’_>_X12+"'_Xs2+xsz+1+"'+xr2~
qr,s has a critical point at 0 with rank r and index s.
Theorem (The Morse Lemma)

Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].
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Theorem (The Morse Lemma)

Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

@ By precomposing with a linear isomorphism T : R"” — R” if necessary, we
may also assume that the symmetric matrix D?£(0) is the diagonal matrix
2l s where I, o0 = (—1s) ® lh—s.
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Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then
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@ By precomposing with a linear isomorphism T : R"” — R” if necessary, we
may also assume that the symmetric matrix D?£(0) is the diagonal matrix
2, s where I, s: = (—1Is) ® l,—s. This uses Sylvester’s ‘Law of Inertia’.
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

@ By precomposing with a linear isomorphism T : R"” — R” if necessary, we
may also assume that the symmetric matrix D?f(0) is the diagonal matrix
2, s where I, s: = (—1Is) ® l,—s. This uses Sylvester’s ‘Law of Inertia’.

@ Since Df(0) = 0, there is a symmetric (n x n)-matrix of real-valued smooth
functions G(x) = (Gj j(x))1<ij<n on R" such that f(x) = (x, G(x)x) and
G(0) = Ins.
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

@ By precomposing with a linear isomorphism T : R"” — R” if necessary, we
may also assume that the symmetric matrix D?f(0) is the diagonal matrix
2, s where I, s: = (—1Is) ® l,—s. This uses Sylvester’s ‘Law of Inertia’.

@ Since Df(0) = 0, there is a symmetric (n x n)-matrix of real-valued smooth
functions G(x) = (Gj j(x))1<ij<n on R" such that f(x) = (x, G(x)x) and
G(0) = I, 5. This uses Taylor's theorem.
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Theorem (The Morse Lemma)

Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then
[f1 "~ [an.s)-

o (ctd.) It suffices to find an (n x n)-matrix of smooth functions
T(x) = (T;j(x)) such that (1) T(0) = I,, and (2) G(x) = T(x)'G(0)T(x).
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Theorem (The Morse Lemma)

Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

o (ctd.) It suffices to find an (n x n)-matrix of smooth functions
T(x) = (T;j(x)) such that (1) T(0) = I,, and (2) G(x) = T(x)'G(0)T(x).
Because then ¢(x) = T(x)x is a local diffeomorphism at 0 € R" and we
would have

f(x) = (p(x), In,s#(x)) = (qn,s © $)(x), as required.
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

o (ctd.) It suffices to find an (n x n)-matrix of smooth functions
T(x) = (T;j(x)) such that (1) T(0) = I,, and (2) G(x) = T(x)'G(0)T(x).
Because then ¢(x) = T(x)x is a local diffeomorphism at 0 € R" and we
would have
f(X) = <¢(X)a In,s¢(X)> = (qn,s o ¢)(X)' as required.

o Consider the smooth map F(x, T) = G(x) — T*G(0)T where T is in the
n(n+1)
7).

vector space of upper-triangular matrices (2 R
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then

[F] % [qn,s].

o (ctd.) It suffices to find an (n x n)-matrix of smooth functions
T(x) = (T;j(x)) such that (1) T(0) = I,, and (2) G(x) = T(x)'G(0)T(x).
Because then ¢(x) = T(x)x is a local diffeomorphism at 0 € R" and we
would have

f(X) = <¢(X)a In,s¢(X)> = (qn,s o ¢)(X)' as reqUired-
o Consider the smooth map F(x, T) = G(x) — T*G(0)T where T is in the
vector space of upper-triangular matrices (= Rn(nzﬂ)). F takes values in the
vector space of symmetric matrices (= R*% ). The derivative of the map

T — F(0, T) is an isomorphism — this is where non-degeneracy is used!
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Theorem (The Morse Lemma)
Let [f] be a non-degenerate critical germ in &, with f(0) = 0. Then
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T(x) = (T;j(x)) such that (1) T(0) = I,, and (2) G(x) = T(x)'G(0)T(x).
Because then ¢(x) = T(x)x is a local diffeomorphism at 0 € R" and we

would have
f(X) = <¢(X)a In,s¢(X)> = (qn,s o ¢)(X)' as required.
o Consider the smooth map F(x, T) = G(x) — T*G(0)T where T is in the

. . n(n+1) .
vector space of upper-triangular matrices (2 R~z ). F takes values in the

. . n(n+1) N
vector space of symmetric matrices (= R > ). The derivative of the map
T — F(0, T) is an isomorphism — this is where non-degeneracy is used!

Then the result follows from the Implicit Function Theorem.
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vector space of upper-triangular matrices (2 R~z ). F takes values in the
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vector space of symmetric matrices (= R > ). The derivative of the map
T — F(0, T) is an isomorphism — this is where non-degeneracy is used!

Then the result follows from the Implicit Function Theorem.
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Corollary J

Non-degenerate critical points are isolated (as critical points).
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Example: Residual Singularities

Let p<,: R” = R" and p>,: R” — R"™" denote the projections onto the first r
and the last (n — r) coordinates respectively.
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Example: Residual Singularities

Let p<,: R” = R" and p>,: R” — R"™" denote the projections onto the first r
and the last (n — r) coordinates respectively.

We say that a germ [f] € &, is reducible to a germ [g] € &,_, if

[F1 “R7 [gr.s o p<i] + [g 0 p>r]

forsome 0 <s<r<n.
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Let p<,: R” = R" and p>,: R” — R"™" denote the projections onto the first r
and the last (n — r) coordinates respectively.
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Example: Residual Singularities

Let p<,: R” = R" and p>,: R” — R"™" denote the projections onto the first r
and the last (n — r) coordinates respectively.

We say that a germ [f] € &, is reducible to a germ [g] € &,_, if

[f] equ\li“’ [qr,s © Pgr] =+ [g o p>r]
forsome 0 <s<r<n.

A critical germ [g] € &, is totally degenerate (at 0 € R") if its rank is 0, i.e.,
when D2g(0) is the zero matrix.

Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,—,.

[g] is the residual singularity of [f] at 0 € R”".
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ Assume f(0) = 0. By precomposing with a linear isomorphism T: R" — R"

if necessary, we may also assume that the symmetric matrix D?f(0) is the
diagonal matrix 2/, , s where I, s: = (—l) @ l,_s ®0,_,
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ Assume f(0) = 0. By precomposing with a linear isomorphism T: R" — R"
if necessary, we may also assume that the symmetric matrix D?f(0) is the

diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ Assume f(0) = 0. By precomposing with a linear isomorphism T: R" — R"
if necessary, we may also assume that the symmetric matrix D?f(0) is the
diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.

@ Applying the Implicit Function Theorem to the function

F:UxV =R (x,y)— (Dif)(x,y),
where U CR" and V C R"™" are open subsets containing the origin,
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ Assume f(0) = 0. By precomposing with a linear isomorphism T: R" — R"
if necessary, we may also assume that the symmetric matrix D?f(0) is the
diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.

@ Applying the Implicit Function Theorem to the function

F:UxV =R (x,y)— (Dif)(x,y),
where U CR" and V C R"™" are open subsets containing the origin,
we obtain a smooth map h: V; — R’ for some open V; C V such that
h(0) =0, h(V1) C U, and F(h(y),y) = 0.
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.
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if necessary, we may also assume that the symmetric matrix D2f(0) is the
diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.

@ Applying the Implicit Function Theorem to the function
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where U CR" and V C R"™" are open subsets containing the origin,
we obtain a smooth map h: V; — R’ for some open V; C V such that
h(0) =0, h(V1) C U, and F(h(y),y) = 0.
o Let ‘g: Vi—=R, y— f(h(y),y) ‘ and consider the map

ki Uy x Vo = R, (x,y) = f(x+h(y),y) — g(y)-
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if necessary, we may also assume that the symmetric matrix D2f(0) is the
diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.
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where U CR" and V C R"™" are open subsets containing the origin,
we obtain a smooth map h: V; — R’ for some open V; C V such that
h(0) =0, h(V1) C U, and F(h(y),y) = 0.
o Let ‘g: Vi—=R, y— f(h(y),y) ‘ and consider the map

kilUpx Vo =R, (x,y) = f(x+h(y),y) — &(y)-
for suitable open subsets U; C U and V, C V; containing the origin.
Then it suffices to show that [k] is equivalent to [g, s o p</]
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ Assume f(0) = 0. By precomposing with a linear isomorphism T: R" — R"
if necessary, we may also assume that the symmetric matrix D2f(0) is the
diagonal matrix 2/, , s where I, s: = (—15) @ l,_s ®0,_, . This uses
Sylvester’s ‘Law of Inertia’.

@ Applying the Implicit Function Theorem to the function

F:UxV =R (x,y)— (Dif)(x,y),
where U CR" and V C R"™" are open subsets containing the origin,
we obtain a smooth map h: V; — R’ for some open V; C V such that
h(0) =0, h(V1) C U, and F(h(y),y) = 0.
o Let ‘g: Vi—=R, y— f(h(y),y) ‘ and consider the map

kiUp x Vo = R, (x,y) = f(x+ h(y),y) —g(y).
for suitable open subsets U; C U and V, C V; containing the origin.
Then it suffices to show that [k] is equivalent to [g, s o p</] since
(x,¥) = (x+ h(y),y) is a local diffeomorphism.
oy 0
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

o (ctd.) We have: (1) k(0,y) =0, (2) (D1k)(0,y) =0, and (3)
(D12k)(070) = 2Ir,s-
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

@ (ctd.) We have: (1) k(0,y) =0, (2) (D1k)(0,y) =0, and (3)
(D?k)(0,0) = 2/, 5. Thus, k is a y-parametrized family of non-degenerate
critical germs and can be treated as in the proof of the Morse Lemma.
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

o (ctd.) We have: (1) k(0,y) =0, (2) (D1k)(0,y) =0, and (3)
(D?k)(0,0) = 2/, 5. Thus, k is a y-parametrized family of non-degenerate
critical germs and can be treated as in the proof of the Morse Lemma.

@ There is a symmetric (r x r) matrix of smooth functions

K(xy) = (Kij(x,y))
such that K(0,0) = I, s and k(x,y) = (x, K(x, y)x).
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,_,.

o (ctd.) We have: (1) k(0,y) =0, (2) (D1k)(0,y) =0, and (3)
(D?k)(0,0) = 2/, 5. Thus, k is a y-parametrized family of non-degenerate
critical germs and can be treated as in the proof of the Morse Lemma.

@ There is a symmetric (r x r) matrix of smooth functions
K(x,y) = (Kij(x,y))

such that K(0,0) =/, s and k(x,y) = (x, K(x,y)x). This uses a version of
Taylor's theorem.

@ As in the proof of the Morse Lemma, we can find an (r x r)-matrix of
smooth maps

T(x,y) = (Tij(x,¥))
such that 7(0,0) =/, and

K(x,y) = T(xy)'K(0,0)T(x, ).
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,—,.

@ (ctd.) Then

k(x,y) = (T(x,y)x, K(0,0) T (x, y)x) = (ar.s © p<r)(d(x, y))
where ¢(x,y) = (T(x,y)x,y) is a local diffeomorphism since
D(b(oa 0) = (T(0,0), In—r) = I,
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Theorem (The Reduction Lemma)

Let [f] € &, be a degenerate critical germ of rank r < n. Then [f] is reducible to
a totally degenerate critical germ [g] € &,—,.

o (ctd.) Then
k(Xay) = <T(X7}/)X7 K(Oa 0)T(X,y)X> = (qr,s o pSr)((rb(Xa)/))
where ¢(x,y) = (T(x,y)x,y) is a local diffeomorphism since
D¢(0,0) = (7(0,0), ln—r) = In.

Theorem (Uniqueness of the Residual Singularity)
Let [f] and [g] be totally degenerate critical germs in &, with f(0) = g(0) = 0.
Suppose that the following germs in &,

[gr.s © p</] + [f o p>/] and [gr s © p</] + [g © p>/]

are equivalent. Then [f] = [g] in &k.

v
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k-equivalence and Jets
Let k be a positive integer. Two germs [f],[g] € &, are k-equivalent if

D¥(0) = D”g(0)

for every v € Nj with |v| < k. This defines an equivalence relation on &,.
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k-equivalence and Jets

Let k be a positive integer. Two germs [f],[g] € &, are k-equivalent if
Dv£(0) = D"g(0)

for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.
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k-equivalence and Jets
Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if

Dv£(0) = D"g(0)
for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.

The set of k-jets of germs in &, is an R-vector space J¥ and the map
JN = P ={p €R[xi, -, xi] | deg(p) < k}, [f] > T

is a a linear isomorphism. Thus, dim]RJ,’,‘ = (”‘};k).
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k-equivalence and Jets
Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if

Dv£(0) = D"g(0)
for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.

The set of k-jets of germs in &, is an R-vector space J¥ and the map
JN = P ={p €R[xi, -, xi] | deg(p) < k}, [f] > T

is a a linear isomorphism. Thus, dim]RJ,’,‘ = (”‘};k).

There is an algebra homomorphism j*: &, — JX, [f] — jk[f],
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k-equivalence and Jets

Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if
D*f(0) = D"g(0)

for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.

The set of k-jets of germs in &, is an R-vector space J¥ and the map
= Py ={p R, -, x| | deg(p) < k}, [f]— T
is a a linear isomorphism. Thus, dim]RJ,’,‘ = ('Hk'k).
There is an algebra homomorphism j*: &, — JX [f] — jX[f], with kernel
mkL = {[fle &, | j*[f]=0}=(x": |v|=k+ g, =mp---7m2,.
k+1
The middle equality is a consequence of Taylor's theorem.
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k-equivalence and Jets

Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if
D*f(0) = D"g(0)

for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.

The set of k-jets of germs in &, is an R-vector space J¥ and the map
JN = P ={p €R[xi, -, xi] | deg(p) < k}, [f] > T
is a a linear isomorphism. Thus, dim]RJ,’,‘ = ('Hk'k).
There is an algebra homomorphism j*: &, — JX [f] — jX[f], with kernel
mkL = {[fle &, | j*[f]=0}=(x": |v|=k+ g, =mp---7m2,.
k+1
The middle equality is a consequence of Taylor's theorem. We have

& DmnDdmiD - Dy =\sy 7 = flat germs.
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k-equivalence and Jets

Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if
D*f(0) = D"g(0)

for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.
The set of k-jets of germs in &, is an R-vector space J¥ and the map
JN = P ={p €R[xi, -, xi] | deg(p) < k}, [f] > T
is a a linear isomorphism. Thus, dim]RJ,’,‘ = (”’;k).
There is an algebra homomorphism j*: &, — JX [f] — jX[f], with kernel
mi = {[f] € & | ] =0 = (¢ [v] = k+ L), = 7m0
k+1
The middle equality is a consequence of Taylor's theorem. We have

& DmnDdmiD - Dy =\sy 7 = flat germs.
Examples. Two non-critical germs [f] and [g] may have very different Taylor

polynomials, but they are always equivalent.
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k-equivalence and Jets
Let k be a positive integer. Two germs [f], [g] € &, are k-equivalent if

D¥(0) = D”g(0)
for every v € N with |v| < k. This defines an equivalence relation on &,.

The class of germs k-equivalent to [f] is the k-jet of [f], denoted j*[f].
The k-th Taylor polynomial T/ of [f] defines a representative of this class.

The set of k-jets of germs in &, is an R-vector space J¥ and the map
JN = P ={p €R[xi, -, xi] | deg(p) < k}, [f] > T
is a a linear isomorphism. Thus, dim]RJ,’,‘ = (”’;k).
There is an algebra homomorphism j*: &, — JX [f] — jX[f], with kernel
mkL = {[fle &, | j*[f]=0}=(x": |v|=k+ g, =mp---7m2,.
k+1
The middle equality is a consequence of Taylor's theorem. We have
& DmnDdmiD - Dy =\sy 7 = flat germs.

Examples. Two non-critical germs [f] and [g] may have very different Taylor
polynomials, but they are always equivalent. On the other hand, a non-trivial
germ in 7.2X*1 is k-equivalent to [0], but it is not equivalent to [0].
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f].
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant

under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0. This is a consequence of the classification of
germs of one variable.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0. This is a consequence of the classification of
germs of one variable.

@ A germ [f] € m2,, is 1-determined if and only if it is non-critical.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0. This is a consequence of the classification of
germs of one variable.

@ A germ [f] € m2,, is 1-determined if and only if it is non-critical. This is a
consequence of the identification of non-critical germs up to equivalence.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0. This is a consequence of the classification of
germs of one variable.

@ A germ [f] € m2,, is 1-determined if and only if it is non-critical. This is a
consequence of the identification of non-critical germs up to equivalence.

Q A germ [f] € mz, is has determinacy 2 if and only if it is a non-degenerate
critical germ.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that £(K)(0) # 0. This is a consequence of the classification of
germs of one variable.

@ A germ [f] € m2,, is 1-determined if and only if it is non-critical. This is a
consequence of the identification of non-critical germs up to equivalence.

Q A germ [f] € mz, is has determinacy 2 if and only if it is a non-degenerate
critical germ. One direction is a consequence of the Morse Lemma.
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Determinacy of Germs

Let k be a positive integer. A germ [f] € &, is k-determined if every germ that
is k-equivalent to [f] is also equivalent to [f]. k-determinacy of germs is invariant
under both equivalences and k-equivalences of germs. A k-determined germ is
equivalent to its k-th Taylor polynomial.

We say that [f] is finitely determined if it is k-determined for some k. In this
case, the smallest k such that [f] is k-determined is the determinacy of [f] and
is denoted by det[f].

Examples.

Q@ A germ [f] € 721 has determinacy k if and only if k is the smallest positive
integer such that f(K)(0) # 0. This is a consequence of the classification of
germs of one variable.

@ A germ [f] € m2,, is 1-determined if and only if it is non-critical. This is a
consequence of the identification of non-critical germs up to equivalence.

Q A germ [f] € mz, is has determinacy 2 if and only if it is a non-degenerate
critical germ. One direction is a consequence of the Morse Lemma. (The
other direction will be discussed below.)
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by
Ff1 = (Dif,--- ,Dpf)g,.
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by
Ff1 = (Dif,--- ,Dpf)g,.

Theorem (Mather's Criteria for Determinacy)
(1) (Sufficient Criterion) A germ [f] € &, is k-determined if

mgtt C (m} I [f])s, -
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by
Ff1 = (Dif,--- ,Dpf)g,.

Theorem (Mather's Criteria for Determinacy)
(1) (Sufficient Criterion) A germ [f] € &, is k-determined if
mytt C (mi s,

(2) (Necessary Condition) If [f] € &, is k-determined, then

m kL C (e, I[f))s,-
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by
Ff1 = (Dif,--- ,Dpf)g,.

Theorem (Mather's Criteria for Determinacy)

(1) (Sufficient Criterion) A germ [f] € &, is k-determined if
mgtt C (m} I [f])s, -

(2) (Necessary Condition) If [f] € &, is k-determined, then
gt C (mn S [f])s, -

A germ [f] is k-complete if 725 C (72,.7[f])s,.
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by
Ff1 = (Dif,--- ,Dpf)g,.

Theorem (Mather's Criteria for Determinacy)

(1) (Sufficient Criterion) A germ [f] € &, is k-determined if
mytt C(m} T [f])s,

(2) (Necessary Condition) If [f] € &, is k-determined, then
gt C (mn S [f])s, -

A germ [f] is k-complete if 725 C (12, 7[f])s,. We have:

k-complete = (sufficient criterion) = k-determined = (k + 1)-complete.
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Mather's Theorem

Let [f] € &,. The Jacobi ideal of [f] is the ideal of &, defined by

Ff1 = (Dif,--- ,Dpf)g,.

Theorem (Mather's Criteria for Determinacy)
(1) (Sufficient Criterion) A germ [f] € &, is k-determined if
mytt C (mi 7 (),

(2) (Necessary Condition) If [f] € &, is k-determined, then

m kL C (e, I[f))s,-

A germ [f] is k-complete if 725 C (12, 7[f])s,. We have:
k-complete = (sufficient criterion) = k-determined = (k + 1)-complete.

All of these implications are strict.
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Mather's Theorem: Sketch of the Proof. |
(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0, 1], consider the
germ in &,11 defined by hs(x, t) = f(x) + (s + t)(g(x) — f(x)).

G. Raptis Catastrophe Theory 17 June 2020 17 /26



Mather's Theorem: Sketch of the Proof. |

(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0, 1], consider the
germ in &, defined by hs(x,t) = f(x) + (s + t)(g(x) — f(x)).

Expressing (#[f])z,,, in terms of the germs [D;hs] and ([D;g] — [Dif]) € 72X
yields the relation

<77Z,2,f[f]>gn+1 - <ﬂZ,,{[D1hs], Tty [Dnhs]}>gn+1 + <m5+1>mn+1'
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Mather's Theorem: Sketch of the Proof. |

(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0,1], consider the
germ in &, defined by hs(x,t) = f(x) + (s + t)(g(x) — f(x)).

Expressing (#[f])z,,, in terms of the germs [D;hs] and ([D;g] — [Dif]) € 72X
yields the relation

<77Z,2,f[f]>gn+1 - <m"{[D1h ], T a[D h ]}> &nt1 <m5+1>mn+1'

Using the assumption 7251 C (722 7[f])«, and applying Nakayama's Lemma,
we obtain

m,’;+1 C (mp{[D1hs],- - -, [DnhS]}>%’n+1
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Mather's Theorem: Sketch of the Proof. |
(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0,1], consider the
germ in &, defined by hs(x,t) = f(x) + (s + t)(g(x) — f(x)).
Expressing (#[f])z,,, in terms of the germs [D;hs] and ([D;g] — [Dif]) € 72X
yields the relation

<77Z,2,j[f]>gn+1 c <m"{[D1h ], e a[D h ]}> &nt1 <m5+1>mn+1'
Using the assumption 725*1 C (72
we obtain

2 7[f])e, and applying Nakayama's Lemma,

777’:,;+1 C (mn{[Drhs],-- -, [DnhS]}>%’n+1
This implies that there are germs [¢;] € &,.1 with ¢;(0,t) = 0 and

g(x) — F(x) = ; bi(x, £) Dihs(x, £).
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Mather's Theorem: Sketch of the Proof. |

(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0,1], consider the
germ in &,11 defined by hs(x, t) = f(x) + (s + t)(g(x) — f(x)).

Expressing (#[f])z,,, in terms of the germs [D;hs] and ([D;g] — [Dif]) € 72X
yields the relation

<77Z,2,j[f]>gn+1 - <ﬂZ,,{[D1h ], a[D h ]}> &nt1 <m5+1>mn+1'

Using the assumption 7251 C (722 7[f])«, and applying Nakayama's Lemma,
we obtain

777’:,;+1 C (mn{[Drhs],-- -, [DnhS]}>%’n+1
This implies that there are germs [¢;] € &,.1 with ¢;(0,t) = 0 and

g(x) — F(x) = é:¢,-(><7 £)D;hs(x, 1).

Suppose that there is a smooth family of germs [®5] € &, for small |t| < € such
that ®§(x) = x and hs(x, t) = hs(P3(x),0).
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Mather's Theorem: Sketch of the Proof. |

(1) Let [g] € &, such that j%[f] = j*[g]. For any fixed s € [0,1], consider the
germ in &,11 defined by hs(x, t) = f(x) + (s + t)(g(x) — f(x)).

Expressing (#[f])z,,, in terms of the germs [D;hs] and ([D;g] — [Dif]) € 72X
yields the relation

<77Z,2,j[f]>gn+1 - <ﬂZ,,{[D1h ], a[D h ]}> &nt1 <m5+1>mn+1'

Using the assumption 7251 C (722 7[f])«, and applying Nakayama's Lemma,
we obtain

m,’;+1 C (mn{[Drhs],-- -, [DnhS]}>%’n+1
This implies that there are germs [¢;] € &,.1 with ¢;(0,t) = 0 and

g(x) — F(x) = é:¢;(x7 £)D;hs(x, £).

Suppose that there is a smooth family of germs [®5] € &, for small |t| < € such
that ®§(x) = x and hs(x, t) = hs($3(x),0). Since s is arbitrary and [0, 1] is
compact, it would then follow that

[f] = [ho(x,0)] "~ equiv [hs(x,0)] "~ squiv [h1(x,0)] = [g], as required.
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®f] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

Ld(x, t) = h(P(x, t), t).
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®f] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

Ld(x, t) = h(P(x, t), t).

(2) Suppose that [f] is k-determined and let [g] € 72 +1.
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®f] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

Ld(x, t) = h(P(x, t), t).

(2) Suppose that [f] is k-determined and let [g] € 72%*1. Then [f] S [f + tg]
for t € R.
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®f] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

Ld(x, t) = h(P(x, t), t).

(2) Suppose that [f] is k-determined and let [g] € 72%*1. Then [f] S [f + tg]
for t € R. So there are {¢; € &, }ier With ¢g = id such that [f][¢:] = [F + tg].
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®5] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

%‘D(X, t) = ¢(¢(Xv t)a t)'

(2) Suppose that [f] is k-determined and let [g] € 725+, Then [f] “%" [f + tg]
for t € R. So there are {¢; € &, }ier With ¢g = id such that [f][¢:] = [F + tg].
Suppose that ®: U x (—e,e) = R", (x, t) — ¢+(x) is smooth.
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®5] € &, such
that ®§(x) = x and

2 hy(P(x,t),t) =0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving
%‘D(X, t) = ¢(¢(X, t)a t)'
(2) Suppose that [f] is k-determined and let [g] € 725+, Then [f] “%" [f + tg]
for t € R. So there are {¢; € &, }ier With ¢g = id such that [f][¢:] = [F + tg].
Suppose that ®: U x (—e,e) = R", (x, t) — ¢+(x) is smooth.
Then differentiating (f o ®) with respect to t and evaluating at (x,0) would yield

n

g(x) = 3 Dif (x) % (x,0)

i=1
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Mather's Theorem: Sketch of the Proof. Il

(1) (ctd.) Therefore it suffices to find a smooth familiy of germs [®5] € &, such
that ®§(x) = x and

L hy(d(x,t),t) = 0.
Indeed there exists such a map ®°: U x (—¢,e) — R”" obtained from solving

%‘D(X, t) = ¢(¢(X, t)a t)'

equiv
~

(2) Suppose that [f] is k-determined and let [g] € 72%*1. Then [f] [f + tg]
for t € R. So there are {¢; € &, }ier With ¢g = id such that [f][¢:] = [F + tg].
Suppose that ®: U x (—e,e) = R", (x, t) — ¢+(x) is smooth.

Then differentiating (f o ®) with respect to t and evaluating at (x,0) would yield

n

g(x) = 3 Dif (x) % (x,0)

i=1

which implies [g] € (72, 7[f]) as required. It turns out that the existence of such
a smooth ® can be shown at the (finite dimensional) level of k-jets, which suffices
for the proof.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.

Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.

Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.

Q If[f] € 72 is independent of one of its variables, then it is not finitely
determined.
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Some Consequences

Corollary
Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.

Q If[f] € 72 is independent of one of its variables, then it is not finitely
determined.

Q Let [f] € 722, Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.
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Some Consequences

Corollary
Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.

Q If[f] € 72 is independent of one of its variables, then it is not finitely
determined.

Q Let [f] € 722, Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

Sketch of the Proof-
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Some Consequences

Corollary
Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
Q [f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.

Q If[f] € 72 is independent of one of its variables, then it is not finitely
determined.

Q Let [f] € 722, Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

Sketch of the Proof. (1) and (2) are obvious consequences of Mather's theorem.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

If [f] € 22 is finitely determined, then the origin is an isolated critical
point of f.

If [f] € m?2 is independent of one of its variables, then it is not finitely
determined.

Let [f] € m2. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © oo

Sketch of the Proof. (1) and (2) are obvious consequences of Mather's theorem.
(3): Suppose that 725 C ( Z[f]). Then the germ of each monomial x” with
lv| = kis in (F[f])s,
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

If [f] € 722 is finitely determined, then the origin is an isolated critical
point of f.

If [f] € m?2 is independent of one of its variables, then it is not finitely
determined.

Let [f] € m2. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © oo

Sketch of the Proof. (1) and (2) are obvious consequences of Mather's theorem.
(3): Suppose that 725 C ( Z[f]). Then the germ of each monomial x” with

vl = kis in (F[F])s,.

If (Pn)n>1 is a sequence of critical points of f converging to the origin, then
(P,)" = 0 for every v with |v| = k and for every large enough n.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

If [f] € 722 is finitely determined, then the origin is an isolated critical
point of f.

If [f] € m?2 is independent of one of its variables, then it is not finitely
determined.

Let [f] € m2. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © oo

Sketch of the Proof. (1) and (2) are obvious consequences of Mather's theorem.
(3): Suppose that 725 C ( Z[f]). Then the germ of each monomial x” with

vl = kis in (F[F])s,.

If (Pn)n>1 is a sequence of critical points of f converging to the origin, then
(Pn)” = 0 for every v with |v| = k and for every large enough n. Therefore

P, = 0 for every large enough n.
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Some Consequences

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if mX C ( #[f])s, for some finite k.

If [f] € 722 is finitely determined, then the origin is an isolated critical
point of f.

If [f] € m?2 is independent of one of its variables, then it is not finitely
determined.

Let [f] € m2. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © oo

Sketch of the Proof.
(3): Suppose that 72
vl = kis in (F[F])s,.
If (Pn)n>1 is a sequence of critical points of f converging to the origin, then
(Pn)” = 0 for every v with |v| = k and for every large enough n. Therefore
P, = 0 for every large enough n.
(4): 0 is not an isolated critical point in this case and the result follows from (3).
17 June 2020 19/26

1) and (2) are obvious consequences of Mather's theorem.

(
k' C (Z[f]). Then the germ of each monomial x* with



Some Consequences (ctd.)

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if 7% C ( Z[f]), for some finite k.
If [f] € 72 is finitely determined, then the origin is an isolated critical
point of f.
If [f] € 722 is independent of one of its variables, then it is not finitely
determined.
Let [f] € 722. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © o090

Sketch of the Proof. (5):
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Some Consequences (ctd.)

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if 7% C ( Z[f]), for some finite k.
If [f] € 72 is finitely determined, then the origin is an isolated critical
point of f.
If [f] € 722 is independent of one of its variables, then it is not finitely
determined.
Let [f] € 722. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © o090

Sketch of the Proof. (5): Sufficiency follows from the Morse Lemma.
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Some Consequences (ctd.)

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if 7% C ( Z[f]), for some finite k.
If [f] € 72 is finitely determined, then the origin is an isolated critical
point of f.
If [f] € 722 is independent of one of its variables, then it is not finitely
determined.
Let [f] € 722. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © o090

Sketch of the Proof. (5): Sufficiency follows from the Morse Lemma. Suppose
now that det[f] = 2.

G. Raptis Catastrophe Theory 17 June 2020 20/26



Some Consequences (ctd.)

Corollary
Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
Q [f] is finitely determined if and only if 2% C ( #[f])s, for some finite k.
Q If[f] € 72 is finitely determined, then the origin is an isolated critical
point of f.

Q If[f] € 72 is independent of one of its variables, then it is not finitely
determined.

Q Let [f] € 722. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

Sketch of the Proof. (5): Sufficiency follows from the Morse Lemma. Suppose
now that det[f] = 2. Using the Reduction Lemma and det[f] = 2, it follows that
[f] is equivalent to [g, s © p</].
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Some Consequences (ctd.)

Corollary

Q Let [f] € &, be a finitely determined germ. If k is the smallest positive
integer such that [f] is k-complete, then det[f] is k or k — 1.
[f] is finitely determined if and only if 7% C ( Z[f]), for some finite k.

If [f] € 722 is finitely determined, then the origin is an isolated critical
point of f.

If [f] € 722 is independent of one of its variables, then it is not finitely
determined.

Let [f] € 722. Then det[f] = 2 if and only if [f] is a non-degenerate
critical germ.

© © oo

Sketch of the Proof. (5): Sufficiency follows from the Morse Lemma. Suppose
now that det[f] = 2. Using the Reduction Lemma and det[f] = 2, it follows that
[f] is equivalent to [g, s © p<,]. But, using (4), this germ is not finitely determined
unless r = n. O

G. Raptis Catastrophe Theory 17 June 2020 20/26
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Codimension of Germs

Let [f] € 722. The codimension of [f] is

cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.
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Codimension of Germs
Let [f] € 722. The codimension of [f] is

cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.

Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.

Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
@ If [f] is independent of one of its variables, then cod[f] = oco.
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
Examples.

@ The [xX] € 721 (k > 2) has codimension k — 2 (and det[f] = k).

@ If [f] is independent of one of its variables, then cod[f] = oco.

© Let [f] € 722. Then cod[f] = 0 if and only if [f] is a non-degenerate critical
point ( < det[f] = 2).

G. Raptis Catastrophe Theory 17 June 2020 21/26



Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimge,/ 7[f] = dimg&,/ 7[f] — 1.
The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
@ If [f] is independent of one of its variables, then cod[f] = oco.

© Let [f] € 722. Then cod[f] = 0 if and only if [f] is a non-degenerate critical
point ( < det[f] = 2).

Sketch of Proof. (1) and (2) can be shown by direct computation.
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimge,/ 7[f] = dimg&,/ 7[f] — 1.
The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
@ If [f] is independent of one of its variables, then cod[f] = oco.

© Let [f] € 722. Then cod[f] = 0 if and only if [f] is a non-degenerate critical
point ( < det[f] = 2).

Sketch of Proof. (1) and (2) can be shown by direct computation.
(3): Note that cod[f] = 0 if and only if 7z, = F[f].
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
@ If [f] is independent of one of its variables, then cod[f] = oco.
© Let [f] € 722. Then cod[f] = 0 if and only if [f] is a non-degenerate critical
point ( < det[f] = 2).
Sketch of Proof. (1) and (2) can be shown by direct computation.

(3): Note that cod[f] = 0 if and only if 7z, = #[f]. Thus, using Mather's
theorem, cod[f] = 0 implies that [f] is 2-determined.
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Codimension of Germs

Let [f] € 722. The codimension of [f] is
cod[f] = dimgz,/ 7[f] = dimg&,/ 7[f] — 1.

The codimension is invariant under equivalences of germs because the Jacobi
ideals of equivalent germs are isomorphic.
Examples.
@ The [x¥] € 721 (k > 2) has codimension k — 2 (and det[f] = k).
@ If [f] is independent of one of its variables, then cod[f] = oco.
© Let [f] € 722. Then cod[f] = 0 if and only if [f] is a non-degenerate critical
point ( < det[f] = 2).
Sketch of Proof. (1) and (2) can be shown by direct computation.

(3): Note that cod[f] = 0 if and only if 7z, = #[f]. Thus, using Mather's
theorem, cod[f] = 0 implies that [f] is 2-determined. The converse is obvious. []
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Codimension and Determinacy

Consider the filtration

&n 2 JIf] + 7m0 2 Ff] +m2 2

2 Il +my 2 2 L]

oy <3 = E 9ae
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Codimension and Determinacy

Consider the filtration
& 2 Il +mn 2 Flf]+mf 2 2 F[f] + gy 2+ 2 FIf].
Note that the codimension of [f] is finite if and only if for large enough k

Jf]+ mk = F[f] + mb+L.
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Codimension and Determinacy

Consider the filtration
& 2 I +mn 2 F[fl+mf 2 2 ] +mpy 2 2 FIf].
Note that the codimension of [f] is finite if and only if for large enough k
I+ my = FIf] +mptt.

By Nakayama's Lemma, this holds if and only if 72X C 7[f].
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Codimension and Determinacy

Consider the filtration
& 2 I +mn 2 F[fl+mf 2 2 ] +mpy 2 2 FIf].
Note that the codimension of [f] is finite if and only if for large enough k
I+ mpy = FUf] +my .

By Nakayama's Lemma, this holds if and only if 72X C 7[f].

The following result follows easily from these considerations.
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Codimension and Determinacy

Consider the filtration
& 2 I +mn 2 F[fl+mf 2 2 ] +mpy 2 2 FIf].
Note that the codimension of [f] is finite if and only if for large enough k
I+ mpy = FUf] +my .
By Nakayama's Lemma, this holds if and only if 72X C 7[f].
The following result follows easily from these considerations.

Theorem
Let [f] € 722. Then cod[f] < oo if and only if det[f] < co. Moreover,

det[f] — 2 < cod[f] < ("F9etl) 1.
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (mnF[f])s, ®R{Dif} © --- O R{Dsf}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem

Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (mnF[f])s, ®R{Dif} © --- O R{Dsf}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).

@ cod[f] > @ where k = cor][f].
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (mnF[f])s, ®R{Dif} © --- O R{Dsf}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).

@ cod[f] > @ where k = cor][f].

Sketch of the Proof.
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Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (mnF[f])s, ®R{Dif} © --- O R{Dsf}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).

@ cod[f] > @ where k = cor][f].

Sketch of the Proof. (1) Suppose [f] ew [grsop</] +[gopsr]

G. Raptis Catastrophe Theory 17 June 2020 23/26



Codimension and Corank

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem

Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (menF[f)es, ®R{D:1f} & --- ® R{D,f}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).
@ cod[f] > k+1) where k = cor][f].

Sketch of the Proof. (1) Suppose [f] "~ ew [qr.s © p</] + [g © p>r]. The result
follows from the following identification of R-vector subspaces:

F([arsop<] +gopsi) = (Flars)e, + (Flel)s, = (72r)e, + Flgl
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Codimension and Corank
Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of

the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].
Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (menF[f)es, ®R{D:1f} & --- ® R{D,f}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).
@ cod[f] > k+1) where k = cor[f].

Sketch of the Proof. (1) Suppose [f] "~ ew [qr.s © p</] + [g © p>r]. The result
follows from the following identification of R-vector subspaces:

F([arsop<] +gopsi) = (Flars)e, + (Flel)s, = (72r)e, + Flgl

(2) An element in #[f] can be easily written as a sum of elements from the given
vector subspaces.
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Codimension and Corank
Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of

the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].
Theorem
Let [f] € 722. Then:

@ Suppose that [f] has positive corank and reduces to [g] € m3_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Flf] = (menF[f)es, ®R{D:1f} & --- ® R{D,f}.
Therefore cod[f] = (dimg7z,/ {72, 7[f])) — n = dimg722/ (72, F[f]).
@ cod[f] > k+1) where k = cor][f].

Sketch of the Proof. (1) Suppose [f] "~ ew [qr.s © p</] + [g © p>r]. The result
follows from the following identification of R-vector subspaces:

F([arsop<] +gopsi) = (Flars)e, + (Flel)s, = (72r)e, + Flgl

(2) An element in #[f] can be easily written as a sum of elements from the given
vector subspaces. It is non-trivial to prove that the sum is direct (this uses that
the codimension is finite!).
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Codimension and Corank (ctd.)

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem

Let [f] € 2. Then:

© Suppose that [f] has positive corank and reduces to [g] € 723_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Ffl = (mnZ(fl)s, ®R[Dif] & - - & R[D,f].
Therefore cod[f] = (dimg7z,/ (72, F[f])) — n = dimg22 /{2, F[f]).
Q cod[f] > @ where k = cor|[f].

Sketch of the Proof. (3):
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Codimension and Corank (ctd.)

Let [f] € 722 of rank r < n. The corank of [f] is (n — r) (i.e., the dimension of
the kernel of the Hessian matrix D?f(0)) and is denoted by cor[f].

Theorem

Let [f] € 72. Then:

© Suppose that [f] has positive corank and reduces to [g] € 723_,. Then
cod[f] = cod]g].

@ Suppose that cod[f] < co. Then (as R-vector spaces)
Ffl = (mnZ(fl)s, ®R[Dif] & - - & R[D,f].
Therefore cod[f] = (dimg7z,/ (72, Z[f])) — n = dimgr722 /{772, F[]).
Q cod[f] > k+1) where k = cor|[f].

Sketch of the Proof. (3): cod[f] = cod|g] = dimr&x/ {72k F[g]) — k — 1 (using

(2)) and dimg& /(2 F[g]) > dimp&y/m} = (“3?). =
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Thom's Classification of Germs of Codimension < 4
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Thom's Classification of Germs of Codimension < 4

The following theorem classifies all degenerate critical germs [f] with
1 < cod[f] < 4. Note that the possibilities for the corank are as follows:

e cod[f] =1 or 2 = cor[f] = 1.
e cod[f] =3 or 4 = cor[f]=1or2.
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The following theorem classifies all degenerate critical germs [f] with

1 < cod[f] < 4. Note that the possibilities for the corank are as follows:
e cod[f] =1 or 2 = cor[f] = 1.

e cod[f] =3 or 4 = cor[f]=1or2.
We recall that cod[f] = 0 if and only if [f] is non-degenerate.
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Thom's Classification of Germs of Codimension < 4
The following theorem classifies all degenerate critical germs [f] with
1 < cod[f] < 4. Note that the possibilities for the corank are as follows:
e cod[f] =1 or 2 = cor[f] = 1.
e cod[f] =3 or 4 = cor[f]=1or2.
We recall that cod[f] = 0 if and only if [f] is non-degenerate.

Theorem
Let [f] € me2.
@ Suppose that cor[f] =1 and 1 < cod[f] < 4. Then the residual singularity of
[f] is equivalent to one of the following germs:
3], [x*], [=x*], [x], [x®], [=x®] (4 possibilities up to sign).

@ Suppose that cor[f] = 2 and cod[f] = 3. Then the residual singularity of [f]
is equivalent to one of the following germs:

[x® — xy?], [x* + ¥3] (2 possibilities).

@ Suppose that cor[f] = 2 and cod[f] = 4. Then the residual singularity of [f]
is equivalent to one of the following germs:

[x2y + y*, [=x%y — y*] (1 possibility up to sign).

4
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