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Introduction

General Problem: Classify germs [f ] ∈mn ⊂En up to equivalence in certain
cases.

Example
1 If [f ] ∈mn is non-critical (i.e., Df (0) 6= 0), then [f ] is equivalent to the

germ of the function (x1, · · · , xn) 7→ x1. In particular, any two non-critical
germs are equivalent.

2 If [f ] ∈m2
n (i.e., [f ] ∈mn and [f ] is critical) and cod[f ] = 0, then [f ] is a

non-degenerate critical germ. The Morse Lemma shows that [f ] is equivalent
to the germ of the function

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n

where s is the index of [f ] (i.e., the index of the Hessian matrix D2f (0)).

Goal (Today): Classify degenerate critical germs [f ] ∈m2
n with 1 ≤ cod[f ] ≤ 4

(up to equivalence).
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Introduction

The Reduction Lemma reduces this problem to the classification of the respective
residual singularities.

The residual singularity of [f ] is a uniquely determined totally degenerate germ
[g ] ∈m3

n−r (unique up to equivalence) where r denotes the rank of the Hessian
matrix D2f (0).

Assuming a classification of the respective totally degenerate germs in m3
n−r , then

the germ [f ] ∈m2
n is equivalent to exactly one of these totally degenerate germs

up to the addition of the non-degenerate normal quadratic form of index s in the
remaining r variables:

−x21 − · · · − x2s + x2s+1 + · · · x2r

where s is the index of [f ].
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Introduction

We recall the following relation between the codimension cod[f ] and the corank
cor[f ] =: k (= n− r or the dimension of the kernel of the Hessian matrix D2f (0)):

cod[f ] ≥ k(k + 1)

2
.

As a consequence, if 1 ≤ cod[f ] ≤ 4, then cor[f ] = 1 or 2. More specifically, we
have the following 3 cases:

Case A: cor[f ] = 1 and 1 ≤ cod[f ] ≤ 4.

Case B: cor[f ] = 2 and cod[f ] = 3.

Case C: cor[f ] = 2 and cod[f ] = 4.

We will treat each one of these cases separately.
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Case A: corank = 1 and codimension ≤ 4

Theorem

Let [f ] ∈m2
n. The following are equivalent:

1 cor[f ] = 1 and 1 ≤ cod[f ] ≤ 4.

2 The residual singularity of [f ] is equivalent to exactly one of the following
germs of one variable:

[x3], [x4], [−x4], [x5], [x6], [−x6].

In other words, cor[f ] = 1 and 1 ≤ cod[f ] ≤ 4 if and only if [f ] is equivalent to
the germ of the function:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−1 + g(xn)

where 0 ≤ s ≤ n − 1 is the index of [f ] and g(x) is (exactly) one of the
polynomials listed in the theorem above.
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Case A: Proof of the Theorem

(2) ⇒ (1): The corank of a germ [f ] which is equivalent to a germ of the form:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−1 + g(xn)

is clearly 1. Here g(x) is one of the polynomials listed in the theorem.

We recall that the codimension cod[f ] is equal to the codimension cod[g ]. We
have cod[xk ] = k − 2, k ≥ 3, because the vector space m1/〈kxk−1〉 has a basis
{[x ], · · · , [xk−2]}. As a result, 1 ≤ cod[f ] ≤ 4.

(1) ⇒ (2): We are required to classify germs [g ] ∈m3
1 of one variable with

1 ≤ cod[g ] ≤ 4.

Since cod[g ] <∞, it follows that [g ] is finitely determined. Moreover, since
1 ≤ cod[g ] ≤ 4, the inequality cod[g ] ≥ det[g ]− 2 shows that

det[g ] ∈ {3, 4, 5, 6}.
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Case A: Proof of the Theorem (ctd.)

Classification of finitely determined germs of one variable: a germ [f ] ∈m1

has determinacy k if and only if it is equivalent to [±xk ].

Thus, [g ] is equivalent to one of the following germs:

[±x3], [±x4], [±x5], [±x6].

How many of these are mutually inequivalent?

Monomials of different degree are not equivalent because they have different
determinacies.
We have [x2m+1]

equiv∼ [−x2m+1] via the diffeomorphism φ : R→ R, x 7→ −x .
On the other hand, [x2m] is not equivalent to [−x2m] (Exercise), so [g ] is then
equivalent to exactly one of the following germs:
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Case B: corank = 2 and codimension = 3

Theorem

Let [f ] ∈m2
n. The following are equivalent:

1 cor[f ] = 2 and cod[f ] = 3.

2 The residual singularity of [f ] is equivalent to exactly one of the following
germs of two variables:

[x3 − xy2], [x3 + y3].

In other words, cor[f ] = 2 and cod[f ] = 3 if and only if [f ] is equivalent to the
germ of the function:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−2 + g(xn−1, xn)

where 0 ≤ s ≤ n − 2 is the index of [f ] and g(x , y) is one of the polynomials
listed in the theorem above.
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Case B: Proof of the Theorem

(2) ⇒ (1): The corank of a germ [f ] which is equivalent to one of the form:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−2 + g(xn−1, xn)

is clearly 2. Here g(x , y) is one of the polynomials listed in the theorem.

The codimension cod[f ] is equal to the codimension cod[g ].

Claim: The germ of g : R2 → R, (x , y) 7→ x3 − xy2 has codimension = 3.

Proof of the Claim. We need to identify a minimal set of germs such that
together with J[g ] = 〈3x2 − y2, xy〉En ⊆m2 span the vector space m2.
For this purpose, it is useful to find the minimal k such that mk

2 ⊂ J[g ].
In this case, a simple calculation shows that k = 3. Then

m2 = 〈x , y , x2, xy , y2〉R + m3
2 = 〈x , y〉R + 〈x2, y2〉R + 〈xy〉R + m3

2 =

= 〈x , y〉R + 〈3x2 − y2, x2 + y2〉R + J[g ] = 〈x , y , x2 + y2〉R + J[g ].

So cod[g ] ≤ 3.
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Case B: Proof of the Theorem (ctd.)

(2) ⇒ (1) (ctd.):

We show that [x ], [y ], [x2 + y2] are linearly independent in
m2/J[g ]: suppose that there are a, b, c ∈ R and p, q ∈E2 such that (near 0):

ax + by + c(x2 + y2) + p(x , y)(3x2 − y2) + q(x , y)xy = 0.

Then (ax + by) ∈m2
2, which implies that a = b = 0. Differentiating with respect

to ∂2

∂x2 and ∂2

∂y2 and evaluating at 0 = (0, 0) yields

2c + 6p(0, 0) = 0 = 2c − 2p(0, 0).

This implies that c = 0. Therefore the cosets of [x ], [y ], [x2 + y2] are linearly
independent in m2/J[g ] and therefore cod[g ] = 3.

Claim: The germ of g : R2 → R, (x , y) 7→ x3 + y3 has codimension = 3.

Proof of the Claim. The germs [x ], [y ], [xy ] define a basis for m2/J[g ]. The
proof is similar (and easier).
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Case B: Proof of the Theorem (ctd.)

(1) ⇒ (2): We need to classify germs [g ] ∈m3
2 with codimension cod[g ] = 3

up to equivalence. Note that cor[g ] = 2 in this case (because the germ [g ] is
totally degenerate).

Claim: Every such germ has determinacy = 3.

Proof of the Claim. Since [g ] ∈m3
2, it follows that det[g ] ≥ 3. We will show that

[g ] is 3-complete, i.e., m3
2 ⊂ 〈m2J[g ]〉En – which implies that [g ] is 3-determined

by Mather’s Theorem.
Since [g ] ∈m3

2, it follows that J[g ] ⊆m2
2, and therefore 〈m2J[g ]〉E2 ⊆m3

2. We
will show that

dimRm
3
2/〈m2J[g ]〉E2 = 0.

For this purpose, we will use the direct sum decomposition:

J[g ] = 〈m2J[g ]〉E2 ⊕ R{∂g
∂x
} ⊕ R{∂g

∂y
}.

(We will actually only need the – much easier – fact that the vector subspaces
〈m2J[g ]〉E2 , R{∂g∂x }, and R{∂g∂y } span J[g ].)
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Case B: Proof of the Theorem (ctd.)

(1) ⇒ (2) (ctd.): We may then compute the required dimension as follows

dimRm
3
2/〈m2J[g ]〉E2 = dimRm2/〈m2J[g ]〉E2 − dimRm2/m

3
2 =

=
(
dimRm2/J[g ] + dimRJ[g ]/〈m2J[g ]〉E2

)
− 5 =

= (cod[g ] + 2)− 5 = 0.

Therefore m3
2 = 〈m2J[g ]〉E2 and, in particular, [g ] is 3-complete. It follows that

[g ] is 3-determined by Mather’s theorem and completes the proof of the claim.

The last Claim implies that [g ]
equiv∼ [T 3

g ] where det[T 3
g ] = 3. Thus, it suffices to

identify the possible germs [T 3
g ] (up to equivalence).

Note that since [g ] ∈m3
2 (i.e., [g ] is critical and totally degenerate), T 3

g is cubic

form on R2.
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Note that since [g ] ∈m3
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Case B: Proof of the Theorem (ctd.)

(1) ⇒ (2) (ctd.):

Classification of Cubic Forms on R2: Let p(x , y) = ax3 + bx2y + cxy2 + dy3 be a
cubic form on R2. There is a linear coordinate transformation φ on R2 such that
p ◦ φ is exactly one of the following cubic forms on R2:

0, x3, x2y , x3 − xy2, x3 + y3.

Claim.
(a) cod[0] = cod[x3] = cod[x2y ] =∞.
(b) cod[x3 − xy2] = cod[x3 + y3] = 3.

Proof of the Claim. (a) The critical point 0 of these germs is not isolated X (b)
was discussed previously.

Thus, [T 3
g ] (

equiv∼ [g ]) is equivalent to one of the following two germs:

[p1(x , y) = x3 − xy2], [p2(x , y) = x3 + y3].
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Case B: Proof of the Theorem (ctd.)

(1) ⇒ (2) (ctd.): It remains to prove that these two germs are not equivalent.

Suppose that [p1][φ] = [p2] for some φ ∈ G2. The degree 3 part of the Taylor
polynomial of [p1][φ] is p1 ◦ Dφ(0). This means that the germs of p1 and p2 are
also equivalent via a linear isomorphism.

But the zero set of x3 − xy2 is {x = ±y} ∪ {x = 0}, whereas the zero set of
x3 + y3 is {x = −y}, and these cannot be identified via a linear isomorphism.

Remark. The germs [0], [x3], [x2y ] that correspond to the remaining normal cubic
forms are also inequivalent (as germs).
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Case C: corank = 2 and codimension = 4

Theorem

Let [f ] ∈m2
n. The following are equivalent:

1 cor[f ] = 2 and cod[f ] = 4.

2 The residual singularity of [f ] is equivalent to exactly one of the following
germs of two variables:

[x2y + y4], [−x2y − y4].

In other words, cor[f ] = 2 and cod[f ] = 4 if and only if [f ] is equivalent to the
germ of the function:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−2 + g(xn−1, xn)

where 0 ≤ s ≤ n − 2 is the index of [f ] and g(x , y) is one of the polynomials
listed in the theorem above.
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Case C: Proof of the Theorem (Sketch)

(2) ⇒ (1): The corank of a germ [f ] which is equivalent to a germ of the form:

(x1, · · · , xn) 7→ −x21 − · · · − x2s + x2s+1 + · · ·+ x2n−2 + g(xn−1, xn)

is clearly 2. The codimension cod[f ] is equal to the codimension cod[g ].

Claim: The germ of g : R2 → R, (x , y) 7→ x2y + y4 has codimension = 4.

Proof of the Claim. (Sketch) We need to identify a minimal set of germs such
that together with J[g ] = 〈xy , x2 + 4y3〉E2 ⊆m2 span the vector space m2. For
this purpose, it is useful to find the minimal k such that mk

2 ⊂ J[g ]. In this case,
a simple calculation shows that m4

2 ⊂ J[g ], and also

〈x3, x2y , xy2, y3〉R ⊂ 〈x2〉R + J[g ].

It follows easily that the germs [x ], [y ], [x2], [y2] define a basis of m2/J[g ] and
therefore cod[g ] = 4.

Note also that cod[−g ] = 4. This completes the proof of (2) ⇒ (1).
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Case C: Proof of the Theorem (Sketch) (ctd.)

(1) ⇒ (2):

Our goal is to classify germs [g ] ∈m3
2 with cod[g ] = 4 up to

equivalence. Note that cor[g ] = 2 in this case ([g ] is totally degenerate).

Claim: Every such germ has determinacy = 4.

Proof of the Claim. (Sketch) Since [g ] ∈m3
2, it follows that det[g ] ≥ 3. One

shows that m4
2 ⊂ 〈m2J[g ]〉. As a consequence, 3 ≤ det[g ] ≤ 4, using Mather’s

theorem.
But det[g ] = 3 cannot hold, because then [g ]

equiv∼ [T 3
g ], which is a contradiction,

because the determinacy of a cubic form (such as T 3
g ) is either = 3 or =∞

– this uses the classification of cubic forms on R2 and the calculation of their
determinacies as discussed in Case B.
Therefore [g ]

equiv∼ [T 4
g ], so we may assume that g is a polynomial of the form

p(x , y) + h(x , y)

where p is a cubic form on R2 and h is a homogeneous polynomial of degree 4.
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Case C: Proof of the Theorem (Sketch) (ctd.)

(1) ⇒ (2): The rest of the proof is concerned with proving that these polynomials
g(x , y) = p(x , y) + h(x , y) can be reduced up to equivalence to one of the given
forms.

Using the classification of cubic forms on R2 (up to linear isomorphism), we
may assume that p(x , y) is (up to equivalence) one of the following:

0, x3, x2y , x3 − xy2, x3 + y3.

Actually the only possible case is p(x , y) = x2y . For example, we may
exclude the cases x3 − xy2 and x3 + y3 because their determinacy is = 3.
We may also exclude the case 0 because otherwise the codimension of [g ]
would be ≥ 5.

Thus, [g ]
equiv∼ [x2y + h(x , y)] where h(x , y) = ay4 + bxy3 + x2q(x , y) is a

homogeneous polynomial of degree 4.
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Case C: Proof of the Theorem (Sketch) (ctd.)
(1) ⇒ (2):

Using a sequence of smooth transformations, we can achieve the following
further simplifications:

[x2y + ay4 + bxy3 + x2q(x , y)]
equiv∼ [x2 + ay4 + bxy3]

equiv∼ [x2y + ay4].

This reduction uses the assumption that [g ] is 4-determined, so that for every

[φ] ∈ G2, we again have [g ][φ]
equiv∼ [T 4

g◦φ], and therefore we may focus only
on the 4-jet of g ◦ φ.

Thus, [g ]
equiv∼ [x2y + ay4].

Moreover, a 6= 0, otherwise det[g ] = det[x2y ] =∞, contradiction.
If a > 0, then the smooth transformation (u, v) 7→ (a1/8u, a−1/4v) shows that

[x2y + ay4]
equiv∼ [x2y + y4].

Similarly, [x2y + ay4]
equiv∼ [−x2y − y4] if a < 0.

Lastly, it remains to prove that [x2y + y4] and [−x2y − y4] are not equivalent.
Hint. It can be verified by direct calculation that [−x2y − y4][φ] 6= [x2y + y4]
using the Taylor polynomials of φ = (φ1, φ2) for x = 0 and y = 0.
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This reduction uses the assumption that [g ] is 4-determined, so that for every

[φ] ∈ G2, we again have [g ][φ]
equiv∼ [T 4

g◦φ], and therefore we may focus only
on the 4-jet of g ◦ φ.

Thus, [g ]
equiv∼ [x2y + ay4].

Moreover, a 6= 0, otherwise det[g ] = det[x2y ] =∞, contradiction.
If a > 0, then the smooth transformation (u, v) 7→ (a1/8u, a−1/4v) shows that

[x2y + ay4]
equiv∼ [x2y + y4].

Similarly, [x2y + ay4]
equiv∼ [−x2y − y4] if a < 0.

Lastly, it remains to prove that [x2y + y4] and [−x2y − y4] are not equivalent.

Hint. It can be verified by direct calculation that [−x2y − y4][φ] 6= [x2y + y4]
using the Taylor polynomials of φ = (φ1, φ2) for x = 0 and y = 0.
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Further Classification Theorems

(codimension = 5) There is a complete classification of germs in m2
n with

codimension 5 (up to equivalence). The corresponding residual singularities
are the following:

[x7], [x3 + y4], [−x3 − y4], [x2y + y5], [x2y − y5].

(codimension = 6) There is a complete classification of germs in m2
n with

codimension 6 (up to equivalence). The corresponding residual singularities
are the following:

[x8], [−x8], [x3 + xy3], [x2y + y6], [−x2y − y6].

(corank = 3, codimension = 7) Consider the one-parameter family of germs

[x3 + y3 + z3 + 3cxyz ].

Different values of c define inequivalent germs. The codimension is equal to
7 if c 6= −1. This family is an example of a unimodal germ. Thus, a finite
classification of germs is not possible in this case.

(corank = 2, codimension = 8) Consider the one-parameter family of germs

[x4 + 2cx2y2 + y4].

The codimension is equal to 8 if c 6= ±1. The germs corresponding to
different parameter values c and c ′ are equivalent if and only if c , c ′ > −1
and c ′ = 3−c

1+c . Thus, a finite classification of germs is not possible in this
case.
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